Introduction
The following question about lifting finite generating tuples along homomorphisms of groups was originally raised by B. H. Neumann and H. Neumann [14] .
Neumanns' Problem. Suppose that G is a group which can be generated by n elements and let H be a homomorphic image of G. Does there exist, for every generating n-tuple (h 1 , . . . , h n ) of H, a homomorphism ϑ : G → H and a generating n-tuple (g 1 , . . . , g n ) of G such that (g ϑ 1 , . . . , g ϑ n ) = (h 1 , . . . , h n )? By means of an ingenious counting trick, W. Gaschütz showed in [4] that under an additional finiteness condition the answer is yes; indeed, a significantly stronger result holds.
Gaschütz' Lemma. Let G be a group which can be generated by n elements and let ϑ : G → H be a surjective homomorphism with finite kernel. Then, for every generating n-tuple (h 1 , . . . , h n ) of H, there exists a generating n-tuple (g 1 , . . . , g n ) of G such that (g ϑ 1 , . . . , g ϑ n ) = (h 1 , . . . , h n ). A profinite version of Gaschütz' Lemma has manifold applications in the theory of profinite groups; compare [9, §2] . For a recent generalisation to metrisable compact groups see [2] .
However, in general one cannot expect that arbitrary generating tuples will lift along a single, fixed epimorphism. For instance, take ϑ : C ∞ → C 5 , a homomorphism from an infinite cyclic group onto a group of order 5. Then, of course, only two of the four generators of C 5 lift along ϑ to generators of C ∞ . As Gaschütz pointed out, this simple example illustrates the inherent limitation in his theorem, but falls short of settling the Neumanns' Problem (in the negative).
Eventually M. J. Dunwoody [3, §3] gave a negative answer to the Neumanns' Problem (and indeed negative answers to several related questions), by means of a carefully engineered construction of an explicit pair of 2-generated groups (G, H), where H is a homomorphic image of G, but H admits a generating pair that does not lift back to a generating pair of G along any homomorphism. In this example, H is a (nilpotent of class 2)-by-(nilpotent of class 2) group of order 5 3 11 10 ; the group G is an extension of an (infinite) abelian group by H.
It is largely unknown how 'frequently' negative examples to the Neumanns' Problem should be expected to occur, when one restricts G or H to more special classes of groups. The main purpose of the present paper is to provide, for n = 2, an infinite family of negative examples (G, H) to the Neumanns' Problem whose nature is rather different from the groups arising from Dunwoody's construction. Indeed, our main examples arise from free products of cyclic groups G ∼ = C 2 * C m mapping onto finite projective special linear groups H ∼ = PSL(2, q). 
, where q is a prime power such that q ≥ 4, but q = 9; (ii) G = C 2 * C p and H = PSL(2, q), where q = p k is a power of a prime p ≥ 3 such that q ≥ 7, but q = 9; (iii) G = C 2 * C m and H = PSL(2, q), where m ∈ N and q = p k is a power of a prime p such that q ≡ 4 3, but q = 3, and
(iv) G = C 3 * C 3 and H = PSL(2, q), where q is a prime power such that q ≥ 5.
The groups of the form C 2 * C m , where m ≥ 3, arise in number theory as Hecke groups, acting on the upper half of the complex plane; e.g., see [7] . The most prominent member of this family is the modular group PSL(2, Z) ∼ = C 2 * C 3 , which clearly maps onto PSL(2, p) for any prime p. As expected, the infinite dihedral group G ∼ = C 2 * C 2 does not yield negative examples to the Neumanns' Problem; see Proposition 4.2.
As a first step toward Theorem 1.1, one needs to verify that the groups H are actually homomorphic images of the relevant free product G. Fortunately, the subgroups of finite projective special linear groups of degree 2 were completely described by L. E. Dickson; compare [6, Thm. II.8.27 ]. Based on this classification, A. M. Macbeath [10] studied triples (A, B, C) of SL(2, q) such that ABC = 1 with a view toward determining A, B ≤ PSL(2, q) according to the traces of A, B, C. In particular, he showed that PSL(2, q) is (2, 3)-generated unless q = 9; we refer to [15] for a complete overview about (2, 3)-generation of arbitrary (projective) special linear groups over finite fields and references to related results.
In [8] , U. Langer and G. Rosenberger use Macbeath's results to determine necessary and sufficient conditions for PSL(2, q) to be the quotient of a given triangle group, with torsion-free kernel. Generalising a result of J. L. Brenner and J. Wiegold, they establish (ibid., Satz 5.3) the following theorem. For every prime power q ∈ {2, 4, 5, 9} and all integers m ≥ 2, n ≥ 3, the group PSL(2, q) is (m, n)-generated provided that m, n are possible element orders in PSL(2, q).
We recall that m is a possible element order in PSL(2, q), where q = p k is a power of a prime p, if and only if
.
This explains, for instance, the assumptions in Theorem 1.1(iii), following the condition q ≡ 4 3. Generation properties of PSL(2, q) for q ∈ {2, 4, 5, 9} can, of course, be dealt with by direct computation: PSL(2, 9) ∼ = Alt (6) is not (2, 3)-generated, but it is (3, 3)-generated; PSL(2, 5) ∼ = Alt (5) is (2, 5)-generated, but generating pairs lift, as we state in Proposition 4.1. In Dunwoody's example and all our examples thus far, the group G is 2-generated and infinite, whereas the homomorphic image H is finite. By a small modification, we obtain the first negative examples (G, H) to the Neumanns' Problem with H infinite. Similar to Dunwoody, we focus in this paper exclusively on 2-generated groups and on lifting generating pairs. It remains a challenge to produce negative examples (G, H) to the Neumanns' Problem for n ≥ 3, where G and H are n-generated and certain generating n-tuples do not lift back. It is conceivable that such examples can be found as a byproduct of a systematic study of the Neumanns' Problem for pairs (G, H), where G is a finite free product of cyclic groups. Theorem 1.1(iv) can be seen as a first minor step toward such a systematic study.
Finally, we think it would be interesting to investigate to what degree the extra condition q ≡ 4 3 in Theorem 1.1(iii) is needed. Our proof relies on this assumption and breaks down, for instance, for G = C 2 * C m and H = PSL(2, q) with (m, q) ∈ {(7, 13), (19, 37), (20, 41), (21, 41)}: one can check by direct computer calculation that, in these cases, the trace invariants associated to relevant generating pairs (A, B) assume all possible values, apart from 2. This stands in contrast to the situations that we deal with.
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Preliminary set-up
Let G be a 2-generated group. There is a natural semi-regular action of Aut(G) on the set
We are more interested in the action of the automorphism group A = Aut(F ) of a free group F = x, y of rank two on Γ G defined as follows. There is a bijection
where w(x, y) denotes any word in x, y. The group A permutes the elements of E, via η α = α −1 η for η ∈ E and α ∈ A, and this action pulls back along Φ to an action of A on Γ G .
It is well-known that A is generated by the basic Nielsen transformations
Application of these to an element (g 1 , g 2 ) ∈ Γ G via Φ yields
We note that, if ϑ : G ։ H is an epimorphism of groups, then ϑ induces a map
which commutes with the action of A on Γ G and Γ H respectively; i.e., for every α ∈ A and all (g 1 , g 2 ) ∈ Γ G we have
In general, neither A nor the permutation group P induced by A and Aut(G) is necessarily going to act transitively on Γ G . (5) is the alternating group of degree 5, then Γ G consists of 2280 elements. They fall into nineteen Aut(G)-orbits, each of length 120, and into two P -orbits of length 1080 = 9 · 120 and 1200 = 10 · 120 respectively. For details see [5] and [14, §10] . By means of a direct calculation one can see that in the same example Γ G splits into three A-orbits of size 600 = 5 · 120, 600 = 5 · 120, and 1080 = 9 · 120, respectively.
But under special circumstances A acts transitively on Γ G , e.g., if G is abelian or if G is free. We require the following not so obvious fact.
This is a consequence of the Grushko-Neumann Theorem about free groups, which can be proved, for instance, by cancellation arguments due to R. C. Lyndon; see [16, Section 6.3] and [1, Appendix] . From Fact 2.2 and (2.2) we obtain Corollary 2.3. Let G = C m * C n for m, n ∈ N. Suppose that H is a homomorphic image of G, and let (h 1 , h 2 ) ∈ Γ H . Then there exists ϑ : G → H and (g 1 , g 2 ) ∈ Γ G with (g ϑ 1 , g ϑ 2 ) = (h 1 , h 2 ) if and only if the A-orbit of (h 1 , h 2 ) in Γ H contains an element (h 1 ,h 2 ) such thath m 1 =h n 2 = 1. As above, let H be a homomorphic image of G. We say that a subset Ω ⊆ Γ H is (m, n)-free if there exists no (h 1 , h 2 ) ∈ Ω such that h m 1 = h n 2 = 1. Furthermore, we refer to (h 1 , h 2 ) ∈ Γ H as an (m, n)-generating pair if h m 1 = h n 2 = 1, i.e., if the orders of h 1 and h 2 divide m and n, respectively.
We make use of a fruitful observation by D. G. Higman; see [13] . Let Ω ⊆ Γ H be an A-orbit, and let
Since the identities
hold in any group, the induced Nielsen transformations on Γ G show that for any choice of (h 1 , h 2 ) ∈ Ω, we have
For instance, this shows that the order of [h 1 , h 2 ] is constant for (h 1 , h 2 ) ∈ Ω. We take interest in the special situation, where H = PSL(2, q) is a projective special linear group, for a prime power q. Every element h ∈ H has matrix representatives R(h), −R(h) ∈ SL(2, q). Let tr : SL(2, q) → F q denote the usual trace map. The group commutator yields a canonical map from
is independent of the particular choice of representatives. Combining this map with the usual trace map, we obtain the trace invariant
which is constant on A-orbits Ω ⊆ Γ H .
As mentioned in the introduction, the (maximal) subgroups of finite projective special linear groups are fully understood; therefore it is possible to locate generating pairs satisfying additional properties. Using this approach, D. McCullough and M. Wanderley [11] showed for instance that, for q ≥ 13, every non-trivial element of PSL(2, q) is a commutator of a generating pair. For convenience we state the following consequence of their work. 
Next, we record a basic and well-known fact. Since PSL(2, q) = A, B is not abelian, we deduce that x = 0. Since A has order 4 in SL(2, q), it follows that tr(A) = 0, hence we may write
also has trace 0, we deduce that c = 0. From det A = 1 we conclude that a 2 = −1, in contradiction to q ≡ 4 3.
Using Theorem 2.4, we deduce from Proposition 2.6 the following key corollary.
Corollary 2.7. Let q be a prime power such that q ≡ 4 3, but q = 3, and let m ∈ N.
Suppose that H = PSL(2, q) is (2, m)-generated. Then G = C 2 * C m and H yield a negative example (G, H) to the Neumanns' Problem.
Proof. By Theorem 2.4, we find a generating pair (h 1 , h 2 ) ∈ Γ H , where h 1 = A and
, is a (2, m)-generating pair for H. Then (A ′ , B ′ ) is a generating pair for SL(2, q) and A ′4 = I. By Proposition 2.6, we have tr
, and (h ′ 1 , h ′ 2 ) cannot lie in the A-orbit of (h 1 , h 2 ).
Proof of the main theorem and corollary
We continue to use the notation introduced in Section 2.
Proof of Theorem 1.1(iii)
. This follows directly from Corollary 2.7.
Our proof of Theorem 1.1(i) uses group-theoretic results, due to G. A. Miller.
Proof of Theorem 1.1(i).
Consider the group H = PSL(2, q), where q ≥ 4, but q = 9. By Corollary 2.3, it suffices to show that there is an A-orbit in Γ H that is (2, 3)-free.
First suppose that p = 2 and q ∈ {5, 7}. Using Theorem 2.4, we find a generating pair (h 1 , h 2 ) ∈ Γ H such that τ (h 1 , h 2 ) = 0. This implies that [h 1 , h 2 ] = 1 has order 2. A classical result of G. A. Miller [12, §1] implies that any group generated by an element of order two and an element of order three whose commutator has order two is isomorphic to either Alt(4) or Alt(4)×C 2 . Thus the A-orbit of (h 1 , h 2 ) is (2, 3)-free. Now suppose that p = 2 or q ∈ {5, 7}. Using Theorem 2.4, we find a generating pair (h 1 , h 2 ) ∈ Γ H such that τ (h 1 , h 2 ) ∈ {1, −1}. This implies that [h 1 , h 2 ] = 1 has order 3. By [12, §3] , any group generated by an element of order two and an element of order three whose commutator has order three is solvable. (Indeed, the finitely presented group K = x, y | x 2 = y 3 = [x, y] 3 = 1 has derived length 3; one has |K : K ′′ | = 54 and K ′′ ∼ = C ∞ × C ∞ .) Thus the A-orbit of (h 1 , h 2 ) is (2, 3)-free.
For completeness we remark that it is easy to check that every generating pair of PSL(2, 2) ∼ = Sym(3) and PSL(2, 3) ∼ = Alt(4) respectively lifts to a generating pair of C 2 * C 3 ∼ = PSL(2, Z) along a suitable epimorphism.
Proof of Theorem 1.1(ii).
Consider the group H = PSL(2, q), where q = p k is a power of a prime p ≥ 3 such that q ≥ 7, but q = 9. By Corollary 2.3, it suffices to show that there is an A-orbit of Γ H that is (2, p)-free. If q ≡ 4 3, we apply Corollary 2.7, as in the proof of part (iii). Now suppose that q ≡ 4 1. The argument we provide actually works for all prime powers q ≥ 11. Suppose that PSL(2, q) = h 1 , h 2 with h 2 1 = h p 2 = 1, where h 1 = A and h 2 = B for A, B ∈ SL(2, q). Then A, B = SL(2, q), and since there is only one conjugacy class of elements of order 4 in SL(2, q), we may suppose that
We write
Since B has order p or 2p, Lemma 2.5 shows that the trace of tr(B) ∈ {2, −2}. Put
By Theorem 2.4, there is an A-orbit in Γ H such that the associated trace invariant is not of the form s 2 + 2 for s ∈ F q . Such an A-orbit is (2, p)-free.
In preparation of the proof of Theorem 1.1(iv), we establish two lemmata that could also be checked directly, using a computer. Proof. Elements C ∈ SL(2, 7) with tr(C) ∈ {3, −3} have order 8, and the image of such an element in PSL(2, 7) has order 4. Hence it suffices to show that [A, B] ∈ PSL(2, 7) does not have order 4.
Recall that PSL(2, 7) acts 2-transitively on the projective line P 1 (F 7 ) = F 7 ∪ {∞}. The stabiliser of any pair of points is cyclic of order 3, and the stabiliser of any 2-element set is dihedral of order 6. For instance, the stabiliser of {0, ∞} is generated by
i.e., t = (0 ∞)(1 6)(2 3)(4 5), u 0 : x → 2x, i.e., u 0 = (0)(1 2 4)(3 6 5)(∞).
Elements of order 4 act fixed-point-freely on P 1 (F 7 ). The elements A, B induce fractional linear transformations u, v on P 1 (F 7 ), with |Fix(u)| = |Fix(v)| = 2. Using conjugation and replacing u by u −1 , if necessary, we may assume that u = u 0 . For a contradiction, assume that [u, v] has order 4 so that Fix([u, v]) = ∅. We conclude that Fix(u) = {0, ∞} and Fix(u).v are disjoint; likewise Fix(v) and Fix(v).u are disjoint. The elements of order 3 form a single conjugacy class in PSL(2, 7), and we write v = u w for suitable w ∈ PSL(2, 7). Conjugating by g ∈ t, u and replacing u by u −1 , if necessary, we may assume that 0.w = 1. This leaves three options for ∞.w, namely 3, 6 and 5. Accordingly, v is one of the transformations Let (h 1 , h 2 ) ∈ Γ H be such that h 3 1 = h 3 2 = 1. For a contradiction, assume that τ (h 1 , h 2 ) = 0. Then [h 1 , h 2 ] = 1 would have order 2. But a classical result of G. A. Miller [12, §2] implies that any group generated by two elements of order three whose commutator has order two is soluble, in contradiction to H = PSL(2, q) being non-soluble. (Indeed, the finitely presented group K = x, y | x 3 = y 3 = [x, y] 2 = 1 has order 288 and derived length 3; one has K/K ′ ∼ = C 3 × C 3 and
Proof of Corollary 1.2. Suppose that H 0 = y 1 , y 2 ∼ = PSL(2, q) is a homomorphic image of G = x 1 , x 2 ∼ = C m * C n under x 1 → y 1 and x 2 → y 2 , where q is a prime power such that q ≥ 5 and m, n ∈ N. Suppose further that (h 1 , h 2 ) ∈ Γ H 0 does not lift to a generating pair (g 1 , g 2 ) ∈ Γ G under any homomorphism G → H 0 .
Observe that G modulo its second derived subgroup G ′ , is infinite: indeed, G/G ′ = x 1 , x 2 ∼ = C m × C n and the Kuroš Subgroup Theorem implies
The group H 0 is perfect, hence H ′′ 0 = H 0 . Therefore H = H 0 ×G/G ′′ is a homomorphic image of G under x 1 → y 1 x 1 and x 2 → y 2 x 2 . Furthermore (h 1 x 1 , h 2 x 2 ) is a generating pair of H that does not lift to a generating pair (g 1 , g 2 ) ∈ Γ G under any homomorphism ϑ : G → H, because otherwise (h 1 , h 2 ) would lift to (g 1 , g 2 ) under the composition ϑπ 1 : G → H 0 , where π 1 : H → H 0 is the projection onto the first factor.
Complements
In this section we give two complementary results. First we show that Theorem 1.1(ii) does not extend to q = 5. Finally, we justify that the infinite dihedral group G = C 2 * C 2 does not yield negative examples to the Neumanns' Problem Proposition 4.2. Let G = C 2 * C 2 and let H = h 1 , h 2 be a homomorphic image of G. Then there exists a homomorphism ϑ : G → H and a generating pair (g 1 , g 2 ) ∈ Γ G such that (g ϑ 1 , g ϑ 2 ) = (h 1 , h 2 ). Proof. The infinite dihedral group G = x, y | x 2 = y 2 = 1 is just infinite; its nontrivial proper homomorphic images are exactly the finite dihedral groups D 2m , for m ∈ N. Avoiding trivial and easy cases, we may suppose that H = D 2m for m ≥ 3.
The group D 2m consists of m shifts and m reflections. At least one of h 1 and h 2 is a reflection. Let's suppose h 1 is a reflection. If h 2 is also a reflection, then there is a homomorphism mapping g 1 = x to h 1 and g 2 = y to h 2 . If h 2 is a shift (necessarily of order m), then there is a homomorphism mapping g 1 = x to h 1 and g 2 = xy to h 2 .
